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Let X be a compact normal space and C(X) the space of continuous
functions on X. For g E C(X) define

11 g = sup{1 g(x)l: x EX}.

Let {rPl ,... , rP,,} be a linearly independent subset of C(X) and define

n

L(A, x) = L akrPk(x),
k~l

The problem of one-sided approximation is: for a given f E C(X) to find
L(A*,.) minimizing Ilf - L(A, .)11 over all A with L(A,.)??-f Such an
element L(A *, .) is called a best one-sided approximation to f

We wish to find a necessary and sufficient condition for each fE C(X)
to have a unique best approximation. It turns out that this condition is
the classical Haar condition for uniqueness in ordinary Chebyshev approxi
mation.

THEOREM. A necessary and sufficient condition that each f E C(X) have
a unique best approximation is that {rPl ,... , rPn} be a Chebyshev set.

Proof Sufficiency. That {rPl ,... , rPn} is a Chebyshev set implies that
there is A with L(A, .) > O. L(A, .) > 0 implies that for a given f there
exists a tL such that L(pA, .) > f, and standard arguments then show the
existence of a best approximation. Uniqueness is easily shown from known
results [1; 2, pp. 446-450].

Necessity. If no L(A, .) > 0 exists, f> 0 has no best approximation.
We will suppose that there is L(A, .) > O. By arguments given above this
implies the existence of a best approximation to all fE C(X). Let Vn be
the linear space generated by {rPl , ..., rPn}. Suppose there exists ho E Vn
which has distinct zeros Xl,"" xn in X, then we shall show that there exists
fE C(X) with more than one best approximation. Without loss of generality
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we can assume that II ho II = 1. By matrix theory it follows that we can
find B1 , ••• , Bn not all zero such that

n

L Bih(Xi) = 0
i=l

for every h EO Vn .

We can assume without loss of generality that Bj < 0 for at least one j,
1 ~ j ~ n. Let S be a continuous function on X such that 0 ~ S(x) ~ 1
for all x E X and for i = 1, ... , n,

S(Xi) = 0

=1

if Bi ;? 0,

if B i < O.

Such a continuous function on X exists by Urysohn's lemma. Let

f(x) = min{ -S(x)(l - Iho(x)I), ho(x)}

and let

on(f) = inf{llf - h II: hE Vn andf ~ h}.

We shall show first that on(f) ;? 1. We have, for every h E Vn , f ~ h,

n

L I B j I = L Bd(xj)
B;<O j~l

n

= L Blf(xj) - h(xj))
j~l

= - L Blh(xj) - f(xj)) - L Blh(xj) - f(x j))
B;<O B;?O

~ 0n(f) I I Bj I·
B;<O

This shows that oif) ;? 1.
Next, from the definition of f it follows immediately that Ilfll = 1 and

Ilf - ho II = 1.
Since f ~ 0 and f ~ ho , anyone of these two relations implies that

on(f) OS;; 1. Hence, we have on(f) = 1.
Finally, since f ~ 0 and f ~ ho and Ilf - 0 II = oif) and Ilf - ho II =

on( f), the function f has two distinct best one-sided approximations from
Vn , namely 0 and ho , and the theorem is completely proved.

The proof of necessity parallels that of Meinardus [3, pp. 17-18]. It was
suggested by the referee as more appropriate than the original proof of
the author.
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